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ATTITUDE CONTROL OF SPACECRAFT FORMATIONS SUBJECT
TO DISTRIBUTED COMMUNICATION DELAYS
Siddharth Nair∗, Kamesh Subbarao†
This paper considers the problem of achieving attitude consensus in spacecraft
formations with bounded, time-varying communication delays between spacecraft
connected as specified by a strongly connected topology. A state feedback con-
troller is proposed and investigated using a time domain approach (via LMIs) and
a frequency domain approach (via the small-gain theorem) to obtain delay depen-
dent stability criteria to achieve the desired consensus. Simulations are presented
to demonstrate the application of the strategy in a specific scenario.
INTRODUCTION
The consensus problem of multi-agent systems has been receiving significant attention in the
recent years.1, 2 Coordination between multiple agents opens avenues for spacecraft applications
such as formation control,3–5 attitude alignment,6 rendezvous7 etc.
A set of dynamical systems is said to be synchronized when there is a complete match of configu-
ration variables describing each system. Synchronization when pertaining to a spacecraft formation
refers to the state when all the spacecraft possess a common attitude.8 formulates the spacecraft
formation problem in a Lagrangian framework and proposes a decentralized tracking law to achieve
synchronization.3 proposes a leader-follower configuration and solves the synchronization problem
by designing a control strategy to make all the spacecraft track the leader(reference) spacecraft.6
solves the attitude synchronization problem for a wider class of communication topologies (directed
graphs).
In practical applications, the flow of information between spacecraft is delayed. This is often
attributed to the delay in receiving data from the other spacecraft or processing of data.9 consid-
ers the problem of synchronization of a spacecraft formation subject to constant communication
delays and solves the same by using feedback linearization to track a reference trajactory while 10
approaches the problem by proposing a backstepping controller that tracks a virtual angular velocity
to achieve synchronization.11 proposes a decentralized control approach for the same problem by
appealing to the geometric structure of the configuration space of the spacecraft formation. Time-
varying communication delays are considered in12 along with delays in self-tracking control parts.
This renders the dynamics nonlinear and the authors resort to constructing linear filters to derive an
output feedback law.
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This paper considers a spacecraft formation problem wherein there are asymmetric, bounded and
time-varying delays in the communication links between the spacecraft while the feedback from the
spacecraft’s own states is instantaneous. To the best of our knowledge, this problem hasn’t been
attempted before and we propose a solution by linearizing the dynamics of the spacecraft formation
system using the fact that the feedback is instantaneous. A controller is proposed for the delayed
linear system to achieve consensus, followed by stability analysis of the system using both time
domain and frequency domain approaches. Simulations at the end show the results of using the
proposed controller in a formation containing four spacecraft.
PROBLEM FORMULATION
Modified Rodrigues Parameters
The multiple spacecraft attitude consensus problem is considered with the states of each space-
craft being the Modified Rodrigues Parameters (MRP) σ and angular velocity ω in the body frame.
The attitude kinematics and the dynamics is assumed to be identical for all spacecraft in formation
and is governed by the following nonlinear ordinary differential equations:
σ˙(t) = P (σ)ω(t) (1)
ω˙(t) = J−1 (−[ω˜(t)]Jω(t) + τ ) (2)
where P (σ) =
1
4
(
2[σ˜(t)] + 2σ(t)σT (t) + (1− σT (t)σ(t))I3×3
)
, [a˜] =
 0 −a3 a2a3 0 −a1
−a2 a1 0
,
J is the symmetric moment of Inertia matrix and τ is the control torque.
The MRP is a vector defined as
σ = nˆ tan
(
Φ
4
)
where nˆ is the principal axis and Φ is the principal angle as given by Euler’s rotation theorem. The
MRPs yield a unique representation for the attitude of the spacecraft for all principal rotations that
lie in the interval [0, 2pi). At Φ = 2pi, a singularity is encountered that is typically addressed using
the shadow MRP set. In this paper, it is assumed that the rotations are limited to principal rotation
angles less than 2pi.
Feedback Linearization
The system represented by Eqs. (1) and (2) is rewritten into a compact second order nonlinear
ode:
M(σ)σ¨ +C(σ, σ˙)σ˙ = u (3)
Let σ1 = σ and σ2 = σ˙. Performing the transformations ω = P (σ)−1σ˙ and P (σ)−1τ = u
the dynamics can be expressed as
σ˙1 = σ2
σ˙2 = M(σ1)
−1 (−C(σ1,σ2)σ2 + u) (4)
2
whereM(σ1) = P (σ1)−1JP (σ1) andC(σ1,σ2) = P (σ1)−1
(
JP˙ (σ1) + ˜[P (σ1)σ2]JP (σ1)
)
.
Using full state feedback and a straightforward feedback linearization based control law, u =
C(σ1,σ2)σ2 +M(σ1)v, the above dynamics are further reduced to that of a double integrator as
follows.
σ˙1 = σ2
σ˙2 = v (5)
Consensus of Spacecraft Formation
Now, consider a system of N spacecraft with communication pathways among them forming a
strongly connected graph, each of whom is being controlled using the control law u(t) described
earlier. Thus, the attitude consensus problem for N nonlinear spacecraft can be posed using the
simpler structure derived earlier in Eq. (5).
Let x = [x1T x2T ]T be a vector such x1 consists of the attitudes of the N spacecraft while x2
consists of their derivatives i.e. x1 =
[
1σT1 · · ·NσT1
]T and x2 = [1σT2 · · ·NσT2 ]T . This vector
defines the state of the N spacecraft system and the combined dynamics can be written as:
x˙1(t) = x2(t)
x˙2(t) = u(t) (6)
where the vector u =
[
1vT · · ·NvT ]T is the control input obtained by cascading the control
inputs of all the spacecraft.
For the system of N spacecraft described above in Eq. (6), attitude consensus is said to be
achieved when ||iσ1 − jσ1|| → 0 and ||iσ2 − jσ2|| → 0 as t→∞ ∀ i, j, i 6= j.
In the case where the spacecraft exchange state information to their connected neighbors with no
delay, the following control law drives the system to consensus.13 For all the analysis from here on,
we will use the compact set of equations in Eq. (6) for the N connected spacecraft.
u(t) = −Lx1(t)− γLx2(t)
where L = [lij ] is the Laplacian matrix for a given communication topology5, 13 and γ > 0 is a
damping gain.
Proposed Control Law
In this paper, the consensus problem is analyzed when the communication is subject to time
delays i.e. the state information of the ith spacecraft is relayed to the jth spacecraft after a delay τij
that satisfies
0 ≤ τij ≤ hij & |τ˙ij | ≤ dij (7)
Clearly the time delays are different along different communication paths (spacecraft pairs) and are
time-varying.
3
To achieve consensus, the following control law is investigated.
u(t) = −x1(t)− γx2(t)−
N∑
i=1
N∑
j=1
i 6=j
ijKx1(t− τij)−
N∑
i=1
N∑
j=1
i 6=j
γijKx2(t− τij) (8)
For N spacecraft defining the communication topology, then for every pair (i, j) of spacecraft
we have lij ≤ 0 (from the Laplacian matrix). ijK ∈ RN×N and ijK⊗ I3×3 is the coefficient of the
delayed state, where τij is the time delay in sending information from the ith spacecraft to the jth
spacecraft. The jith element of ijK is equal to lij . All other elements are zero.
This is illustrated via an example involving three spacecraft with the communication topology spec-
ified by figure 1.
Figure 1. Communication graph for the three spacecraft
The Laplacian matrix specifying the communication topology between the three spacecraft be
given by  1 0 −1−12 1 −12
0 0 0

Let the delays in the communication channels be τ12, τ31 and τ32. Then, the matrices ijK are given
by
12K =
 0 0 0−12 0 0
0 0 0
⊗ I3×3 31K =
0 0 −10 0 0
0 0 0
⊗ I3×3 32K =
0 0 00 0 −12
0 0 0
⊗ I3×3
Substituting Eq. (8) in Eq. (6), the state dynamics are expressed as a linear differential equation with
multiple time delays.
x˙(t) = A0x(t) +
N∑
i=1
N∑
j=1
i 6=j
ijAx(t− τij) (9)
where
A0 =
[
0N×N IN×N
−IN×N −γIN×N
]
⊗ I3×3 and ijA =
[
0N×N 0N×N
−ijK −γijK
]
⊗ I3×3.
Note that
∑N
i=1
∑N
j=1i 6=j
ijA =
[
0N×N 0N×N
A γA
]
⊗ I3×3 = Aγ where A is the adjacency ma-
trix of the connection topology.
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STABILITY ANALYSIS
Time Domain Approach
Lemma 1 (Schur’s Complement14) The following linear matrix inequality (LMI)
S =
[
S11 S12
S21 S22
]
< 0
where S = ST , is equivalent to each of the following conditions:
S11 < 0, S22 − S12TS11−1S12 < 0,
S22 < 0, S11 − S12S22−1S12T < 0
Lemma 2 (Jensen’s Inequality14) For any constant matrix P ∈ Rm×m, P = P T > 0, scalar
γ > 0, vector function ω : [0, γ]→ Rm such that the integrations concerned are well defined, then
γ
∫ γ
0
ωT (β)Pω(β)dβ ≥
(∫ γ
0
ω(β)dβ
)T
P
(∫ γ
0
ω(β)dβ
)
The lemmas stated above are key to obtaining an LMI condition for ensuring stability of the desired
consensus.
Theorem 1 Under the action of (8), the solutions to the dynamics given by (6) converge to consen-
sus if there exist symmetric, positive definite matrices Qij ∈ R6(n−1)×6(n−1), Sij ∈ R6(n−1)×6(n−1)
and positive constant γ such that the following LMIs hold
Ψ1 < 0
Ψ2 < 0
Ψ3 < 0
where
Ψ1 =

ETEA0 +A
T
0E
TE ETEA12 E
TEA13 . . . E
TEAnn−1
AT12E
TE 0 0 . . . 0
AT13E
TE 0 0 . . . 0
...
...
...
. . .
...
ATnn−1ETE 0 0 . . . 0

Ψ2 =

∑n
i=1
∑n
j=1i 6=j E
TQijE 0 . . . 0
0 −ETQ12E
...
...
... 0
. . .
...
0 . . . −ETQnn−1E

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Ψ3 =

Ψ11 Ψ12 . . . Ψ1n A
T
0E
T
ΨT12
. . . Ψ23 . . .
... AT12E
T
...
...
. . .
...
...
ΨT1n . . . . . . Ψnn−1 ATn n−1ET
EA0 EA12
. . . EAn n−1 −(
∑n
i=1
∑n
j=1i 6=j hijSij)
−1

where
E =
[
[1 − In−1] 0
0 [1 − In−1]
]
⊗ I3×3
Ψ11 =
n∑
i=1
n∑
j=1
i 6=j
(
1− dij
hij
ET (Sij)E)
Ψ12 = (
1− d12
h12
ET (S12)E)
Ψ22 = (−1− d12
h12
ET (S12)E)
Ψ23 = 0
..and so on.
Proof
Consider the following Lyapunov-Krasovskii candidate funtional with y(t) = Ex(t) (i.e.,y1 =
[1 − In−1]⊗ I3×3 x1, y2 = [1 − In−1]⊗ I3×3 x2)
V =y(t)Ty(t)︸ ︷︷ ︸
V1
+
n∑
i=1
n∑
j=1
i 6=j
∫ t
t−τij
y(s)TQijy(s)ds
︸ ︷︷ ︸
V2
+
n∑
i=1
n∑
j=1
i 6=j
∫ t
t−τij
∫ t
η
y˙(s)TSijy˙(s)dsdη
︸ ︷︷ ︸
V3
where Qij , Sij are appropriately dimensioned symmetric positive definite matrices.
Defining X = [x(t)T xT (t− τ12) xT (t− τ13)...xT (t− τnn−1)]T , the derivatives of each individual
term of the Lyapunov-Krasovskii functional are obtained as
V˙1 = X
TΨ1X
V˙2 = X
TΨ2X
6
V˙3 ≤
n∑
i=1
n∑
j=1
i 6=j
hijx˙
T(t)ET (Sij)Lx˙(t)
−
n∑
i=1
n∑
j=1
i 6=j
(1− dij)
∫ t
t−τij
x˙T(s)ET (Sij)Lx˙(s)ds
Using Jensen’s inequality (Lemma 2), the above inequality can be expressed as
V˙3 ≤ XTΩX
where
Ω =

Ω11 Ω12 . . . Ω1n
ΩT12
. . . Ω23 . . .
...
...
...
. . .
...
ΩT1n . . . . . . Ωnn−1

and
Ω11 =
n∑
i=1
n∑
j=1
i 6=j
(hijA
T
0E
T (Sij)EA0 − 1− dij
hij
ET (Sij)E)
Ω12 =
n∑
i=1
n∑
j=1
i 6=j
hijA
T
0E
T (Sij)EA12 +
1− d12
h12
ET (S12)E
Ω22 =
n∑
i=1
n∑
j=1
i 6=j
hijA
T
12E
T (Sij)EA12 − 1− d12
h12
ET (S12)E
Ω23 =
n∑
i=1
n∑
j=1
i 6=j
hijA
T
12E
T (Sij)EA13
..and so on.
To make the elements of the above matrix affine in the unknown variables, Schur’s complement
(Lemma 1) is applied using the fact that
∑n
i=1
∑n
j=1i 6=j hijSij is positive definite and invertible.
The resulting LMI is Ψ3 =< 0
The vector y(t) converges to 0 if there exist symmetric positive definite matrices P, Qij , Sij
such that the following LMIs are feasible
Ψ1 < 0
Ψ2 < 0
Ψ3 < 0
Observe that y1i(t) = x11(t) − x1 i+1(t) ∀ i > 1 . Thus, if y(t) → 0 as t → ∞, we have
x11(t) = x1i(t) as t→∞ ∀ i > 1. Hence, consensus is achieved.
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Note that finding feasible solutions for the above LMIs is a tedious task considering that the LK
functional is required to be positive definite on the augmented state space y(t) while its derivative
is required to be negative definite on the actual state space x(t) which can’t be obtained from y(t)
via an invertible transformation due to the nature of how the time delays appear in the closed loop
dynamics. To guarantee feasible solutions, a leader-follower strategy or a constant set point must
be specified to obtain an invertible transformation such that the derivatives of y(t) appear as linear
functions of y(t) itself, i.e, Y˙(t) = A¯0Y(t) +
∑N
i=1
∑N
j=1i 6=j
ijA¯Y(t− τij).
To this end, we also investigate the consensus problem using a frequency domain approach to obtain
delay dependent stability criteria.
Frequency Domain Approach
We adopt a frequency domain approach by making use of the small-gain theorem to show that
the system achieves consensus. Before stating the main theorem, we present a few lemmas and the
small-gain theorem itself.
Let Lp2 be the space of Rp valued functions f : [0,∞)→ Rp such that its L2 norm is bounded, i.e,
||f ||L2 =
∫ ∞
0
fT (t)f(t)dt <∞
Let Lp2e be an extended space containing functions that satisfy the above inequality on finite inter-
vals. An operator is defined as a function G : Lp2e → Lq2e with an induced norm defined as
||G|| = sup
( ||G(f)||
||f ||
)
: ∀f ∈ Lp2e, f 6= 0
Figure 2. Feedback System
Lemma 3 (Small-Gain theorem) Suppose that M and ∆ are both stable systems with finite input-
output gains. Let ||M || and ||∆|| denote their respective induced norms. Then the feedback system
in figure 2 is stable if
||M∆|| < 1
8
The small-gain theorem provides a sufficient condition for stability of feedback systems. Let us
examine the form of (9) more closely.
x˙(t) = A0x(t) +
N∑
i=1
N∑
j=1
i 6=j
ijAx(t− τij)
⇒ x˙(t) = A0x(t) +
N∑
i=1
N∑
j=1
i 6=j
ijA(x(t− τij)− x(t)) +
N∑
i=1
N∑
j=1
i 6=j
ijAx(t)
⇒ x˙(t) = A0x(t) +
N∑
i=1
N∑
j=1
i 6=j
ijA(x(t− τij)− x(t)) +Aγx(t)
⇒ x˙(t)−Aγx(t)−A0x(t) =
N∑
i=1
N∑
j=1
i 6=j
ijA(x(t− τij)− x(t))
Thus, the system of spacecraft in our problem (9) can be viewed as a feedback system with the
same structure in Figure 2 with the transfer function
X(s) = T(s)∆(X(s))
whereT(s) = (sI6N×6N−A0−Aγ)−1 [A12 A13...Ann−1] and ∆ =
∆τ12 0 ... 00 ∆τ13 ... 0
0 .. 0 ∆τnn−1

with delay operators ∆τ defined as ∆τ (x(t)) = x(t)− x(t− τ)
Lemma 4 (15) Let S be a set of differentiable functions such that S = {τ(t)|τ(t) ∈ [0, τ0], τ˙(t) ≤ d ∀t }.
Then the delay operator obeys the following equality
sup
τ(t)∈S
(||∆τ 1
s
||) = τ0
Proof
Let v(t) ∈ Lp2e. Then
∆τ
1
s
v(t) =
∫ t
t−τ(t)
v(t)dt
Now,
||∆τ 1
s
v(t)||2 = (
∫ t
t−τ(t)
v(s)ds)T (
∫ t
t−τ(t)
v(s)ds)
Using lemma 2, we have
||∆τ 1
s
v(t)||2 ≤ τ0(
∫ t
t−τ0
vT (s)v(s)ds)
9
The L2 norm of ∆τ 1sv(t) is bounded above as follows
||∆τ 1
s
v(t)||2L2 ≤
∫ ∞
0
τ0(
∫ t
t−τ0
vT (s)v(s)ds)dt
= τ0
∫ 0
−τ0
∫ ∞
0
vT (s)v(s)dtds
≤ τ20 ||v||L2

The above lemma establishes a bound for the delay operator. The small-gain theorem also requires
the plant T(s) to be stable. The following lemma characterizes the values of the gain γ that render
the system stable in the case where the delays are non-existent.
Lemma 5 (13) The system described by (9) in the case where the delays are non-existent is stable
for the values of γ which satisfy
γ > max
µi 6=0
√
2
|µi| cos(pi2 − tan−1(−Re µiIm µi ))
if the connection topology of the spacecraft formation has a rooted directed spanning tree.
Now we make use of the above lemmas to prove the following theorem which establishes the con-
dition under which consensus is guaranteed.
Theorem 2 The system of spacecraft with dynamics dictated by (9) connected via a network topol-
ogy containing a rooted directed spanning tree, achieves consensus if along with the conditions of
lemmas 4 and 5, the following holds
τ0 <
1
ω maxµi
∑pi
k=1 |(jω −
γµi±
√
γ2µ2i+4µi
2 )
−k|(1 + γ)
∀ω ∈ (0,∞)
where µi are the eigenvalues of−L⊗I3×3, pi are the multiplicities of the corresponding eigenvalues
of A0 +Aγ and τ0 = maxi,j hij .
Proof
Now that we have that the individual transfer functions T(s) and ∆ are stable with finite input-
output gains, we proceed to find a bound on ||T∆|| and subsequently use the small-gain theorem to
show that consensus is achieved for all signals with frequencies ω ∈ [0,∞)
||T (s)∆|| = ||(sI6N×6N −A0 −Aγ)−1 [sA12 sA13... sAnn−1] ∆1
s
||
= ||(sI6N×6N −A0 −Aγ)−1(
N∑
i=1
N∑
j=1
i 6=j
sAij∆τij
1
s
)||
≤ sup
ω
(||(sI6N×6N −A0 −Aγ)−1sAγ ||)×max
i,j
hij
10
Since the sum of elements in each row of the adjacency matrix A is 1, we have ||Aγ ||∞ = 1 + γ.
Also observe that det(sI6N×6N − A0 − Aγ) =det(s2I3N×3N + sγL ⊗ I3×3 + L ⊗ I3×3). Thus
the eigenvalues of A0 + Aγ are given by λi =
γµi±
√
γ2µ2i+4µi
2 where µi are the eigenvalues of
−L⊗ I3×3.
Then, we have ||((sI6N×6N − A0 − Aγ)−1||∞ = maxi
∑pi
k=1 |(s − λi)−k|16 where pi is the
multiplicity of eigenvalue λi. Thus, to ensure that all signals with frequencies ω ∈ (0,∞) die out,
we enforce the small-gain theorem to get
||T (s)∆|| ≤ max
µi
pi∑
k=1
|(jω −
γµi ±
√
γ2µ2i + 4µi
2
)−k|ω(1 + γ)τ0 < 1
⇒ τ0 < 1
ω maxµi
∑pi
k=1 |(jω −
γµi±
√
γ2µ2i+4µi
2 )
−k|(1 + γ)
∀ω ∈ (0,∞)
Under this condition, all signals with non-zero frequencies die out. To see what happens with signals
with zero frequency, i.e., s = jω = 0, we take the Laplace transform of (9) to get
s2X(s) = −X(s)− γsX(s) +A⊗ I3×3X(s) + γA⊗ I3×3sX(s) for s = jω = 0
⇒ L⊗ I3×3X = 0 because L⊗ I3×3 = I3N×3N −A⊗ I3×3
Since the connection topology has a rooted directed spanning tree,2 0 is a simple eigenvalue of L
with eigenvector [1 1 1.. 1]T . Thus, after the non-zero frequencies have died out, we are left with
X = [c c c.. c]T for some c ∈ R and by definition, the system has achieved consensus.

SIMULATIONS
The proposed control strategy is implemented for a formation of 4 spacecraft communicating
with each other via the graph shown in Figure 3.
Figure 3. Communication Graph
The simulation conditions are as specified in the tables below.
11
Spacecraft 1 Spacecraft 2 Spacecraft 3 Spacecraft 4
Inertia Matrix 20× I3×3 30× I3×3 40× I3×3 50× I3×3
Initial attitude (MRP)
0.80.8
0.8
 0.40.4
0.4
 −0.6−0.6
−0.6
 −0.8−0.8
−0.8

Initial Angular Velocity
0.068490.06849
0.06849
 00
0
 −0.09615−0.09615
−0.09615
 0.068490.06849
0.06849

Table 1. Spacecraft Initial conditions and Parameters
1→ 2 2→ 3 3→ 1 2→ 4
Bound on delay (h) 5 seconds 6 seconds 7 seconds 5 seconds
Bound on delay derivative (d) 1 2 0.5 1
Table 2. Time Delay Parameters
For the given communication topology, lemma 5 yields γ > 1.414. Thus, the damping gain
γ is set to 5. Theorem 2 yields a conservative upper bound on the delay at 9.6346 seconds. The
simulation results are presented below. All vectors are expressed in body frames of the respective
spacecraft.
Figure 4. Spacecraft Attitudes vs Time
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Figure 5. Spacecraft Attitude Derivatives vs Time
As we can see, the spacecraft achieve consensus.
Figure 6. Spacecraft Angular Velocities vs Time
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Figure 7. Spacecraft Control Torques vs Time
The control torques are obtained by transforming the control input (8) from the [σ σ˙] space back
to the [σ ω] space. These are the actual torques that are implemented by the respective spacecraft
towards achieving the desired consensus.
On setting the gain γ to 0.1, we observe that consensus is not achieved and the states of the spacecraft
diverge from each other. The results are shown below.
14
Figure 8. Spacecraft Attitudes vs Time when gain γ is set to 0.1
Figure 9. Spacecraft Attitude Derivatives vs Time when gain γ is set to 0.1
15
SUMMARY AND CONCLUSIONS
Distributed variable time-delays were considered in attitude consensus of multiple cooperating
spacecraft. The mathematical proof for consensus was shown using the small-gain theorem for
spacecraft formations with a rooted directed spanning tree. Simulation results for a 4 spacecraft
attitude consensus scenario were presented.
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